ON LINEAR FRACTIONAL TRANSFORMATIONS ASSOCIATED WITH 
GENERALIZED J-INNER MATRIX FUNCTIONS 



VLADIMIR DERKACH AND HARRY DYM 



Abstract. A class U^iiJ) of generalized J-inner mvf's (matrix valued functions) W^(A) 
which appear as resolvent matrices for bitangential interpolation problems in the general- 
ized Schur class oi p x q mvf's <S^^* and some associated reproducing kernel Pontryagin 
spaces are studied. These spaces are used to describe the range of the linear fractional 
' transformation Tw based on W and applied to Sj^^'^. Factorization formulas for mvf's W in 

■ a subclass U°^{J) of W„i(J) found and then used to parametrize the set S^^^^^^^ C\Tw[S^^'^]. 

OA , Applications to bitangential interpolation problems in the class S^^^^i^^ will be presented 

^ ' elsewhere. 

O 

^ ' 1. Introduction 

<^ ' Let J be an m X m signature matrix (i.e., J = J* and J J* = 1^) and let fi+ be equal to 

pL, either D = {A e C : |A| < 1} or 11+ = {A G C : A + A > 0}. An m x m mvf (matrix valued 

! function) W{X) that is meromorphic in f2+ belongs to the class Uk{J) of generalized J-inner 
mvf's if: 



>< 



fi) the kernel 



w... J -w{x)jw{ujy 



CN. (1.1) C(A) 
> • Pc.(A) 

Q\ '. has K negative squares in ()^ x f)^ (see definition in Subsection 2.1) and 

(ii) J - W{fi)JW{fi)* = a.e. on the boundary Qq of Q+; 



where f)^ denotes the domain of holomorphy of W in f2+ and 

1 - XiJ, if fi+ = D; 
27r(A + tJ), iffi+ = n+ 



o ■ 



Thus, in both cases 



^ : n+ = {uj eC: p^{uj) > 0} 

and Qq = {u E C : Puj{uj) = 0} is the boundary of Correspondingly we set 

(1.2) = C \ (1]+ U r^o) = {t^ e C : p^icu) < 0}. 

Most of the other notation that we use will be fairly standard: 

mvf for matrix valued function, vvf for vector valued function, kerA for the kernel of a 
matrix A, rngA for its range, cr{A) for its spectrum if A is square, and, if A = A*, i^-iA) 
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for the number of negative eigenvalues (counting multiphcities). If /(A) is a mvf, then 

1/A if fi+ = D and A ^ 0; 
-A if fi, =n. 



/#(A) = /(A°)*, where A° 
and 



f)/ = {A G C at which /(A) is holomorphic} and i)^ = i)f 

We also set 



if, 9) 



and 



pxq 



^ [\{^^rfWfi if fi+ = D; 

Lf^(^]o) if fi+ = e; 

{/: (l + |^p)-7G^r''(^^o)} if fi+ = n+ 



The symbol iff (resp., H^'^) stands for the class of p x g mvf's with entries in the Hardy 
space H2 (resp., //oo); -f^f is short for //f and (-fff)^ is the orthogonal complement of iff 
in L2 with respect to the standard inner product on VLq. 

The class Ui^{J) and reproducing kernel Pontryagin spaces }C{W) with the reproducing 
kernel K^(A) based on e W«(J) were studied in [4J and [2]. In [36], [12], [H] and [T8] 
mvf's e Uf^{J) appear as resolvent matrices of interpolation problems; in [32], [^, t20j, 
[21] and [in] mvf's W G Un{J) were considered as characteristic functions of linear operators 
in indefinite inner product spaces. 

Let iS^^'^(f2+) denote the generalized Schur class of mvf's s that are meromorphic in f2+ 
and for which the kernel 



;i-3) Ai(A) 



I^-s{\)s{uY 



has K negative squares on P)+ x ^5+ (see [32]). 

A fundamental result of Krem and Langer [22] guarantees that every generalized Schur 
function s G 5^^'' := iS^^'^(i7+) admits a pair of coprime factorizations 

(1.4) s{\) = h{\)-h,{\)=Sr{\)hr{\)-^ forAGf3+, 

where hi and hr are Blaschke-Potapov products of degree k and sizes p x p and q x q, 
respectively, and the mvf's si and Sr both belong to the Schur class S^^'^ := 5o^''(r2+). The 
classes of inner and outer mvf's in S^^^ will be denoted 5^^^^ and S^ui', respectively. 
In this paper we fix 



J jpq 



Ip 
-/„ 



where p + q = m, 



and if W E Uf^^jpg) is written in block form W = [wij]ij=i conformally with jp^, then the 
linear fractional transformation 

(1.5) Tw[€] = iWu£ + Wi2){w2l€ + ^22)"^ 

is well defined on Sf^^'^ for all A G fl+ except for at most a finite set of points and s = Tw[£] 
belongs to S^^'^ with n' < Ki + K2. The main results of this paper are: 
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[1) A characterization of the set 

= {Tw[s] : e G S^^^} 
that is formulated in terms of the mvf 



As(/i) := 



a.e. on fin 



and a K-dimensional operator Tr that is defined below. 

(2) A parametrization of the intersection of this set with iS^j^_^K2 when W belongs to a 
subclass lA°_^{ipq) ofUK^ijpq), introduced below in (11.81) . 
Let the mvf s G S'j^^'^ admit the Krem-Langer factorizations (11.41) and let 



n,{be) := {HD^ e K{H^)^ and HiK) = m Q KHl 
= K, the operator 



Since dim H{br 

Xr-.h^ P^sh {h G nihr)), 

is a finite-dimensional operator of rank at most k. In fact, as will be shown below, Xr is a 
1-1-isomorphism from T-C{br) onto 7^* (6^). Let 

Tr:Ll3g^X;'Pn,ib,)gen{br). 

Theorem 1.1. Let Ki, ^2 G N U {0}, let W G Ut,^{jpq) and let s G S'^^^l,^^ admit the Krem- 
Langer factorizations (11.41) . Then s G Tw[S'^'^'^] if and only if the following conditions hold: 

(1) [h -se] f G for every f G IC{W); 

(2) [-< b;] f G {HD^ for every f G /C(W); 



(3) ( {A, + A, 







i ^ 





A,}/, / ) < (/, f),c(W) for every f G JCiW). 



St 



The description of the set Tw[S^^'^] given in Theorem II. II is a generalization to the indefi- 
nite setting of a result from [25] . The proof is based on the theory of the reproducing kernel 
Pontryagin spaces /C(s) and )C{W) associated with the kernels A^(A) and Kjf (A) developed 
in [2] and [4], respectively. For the convenience of the reader we review and partially extend 
the parts of this theory that are needed in this paper in Section 2. In particular, we furnish 
an indefinite analog of the de Branges-Rovnayk description ([15]) of the space /C(s) and a 
boundary characterization of an indefinite analog D{s) of the de Branges-Rovnyak repro- 
ducing kernel Hilbert space. In the definite case the left hand side of (3) in Theorem 11.11 
coincides with which clarifies the connection of this result with the setting of the 

abstract interpolation problem in |30j . 

For every mvf W G U^{ipq) W = [wij]fj^i the lower right hand q x q corner W22{^) of 
iy(A) is invertible for all A G except for at most k, points. Thus, the Potapov-Ginzburg 
transform S = PG(W) of W is defined on by the formula 



(1.6) S(A) 



sii(A) si2(A) 

S2l(A) S22(A) 



wii(A) wi2(A) 
/„ 



Ip 

W2l{X) W22{X) 



and it belongs to the class 5™ 
Moreover, since 



(as may be verified by writing A;^(A) in terms of Kjf (A)). 



(1.7) S = PG{W) = PGiS), 

the mvf W is of bounded type. Thus, the nontangential limits W{fj,) exist a.e. on Qq and 
assumption (ii) in the definition of lA^^J) makes sense. 
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Let 



(1.8) U:{3,,) = {We U^Upg) : S21 := -w^iw2i belongs to ^f^}. 
The Krem-Langer factorizations of S21 will be written as 

(1.9) S2i(A) := b,(A)-%(A) = 5,(A)b,(A)-^ for A G f}+, 

where be, br are Blashke-Potapov products of degree k and Se,3r G S'^^^; german fonts are 
used to emphasize that the factorization is now for a mvf of size q x p. 

In Theorem 14.61 we shall show that the mvf's biS22 and Subr belong to the classes S^^^ 
and S'^^'^, respectively. Therefore, they admit inner-outer and outer-inner factorizations 

(1.10) Subr = biLpi, biS22 = ^2b2, 

where bi E Sf^^, 62 e (fi G S^^f, (p2 G 5^^/. In keeping with the usage in [7] 

and [8J, the pair {61,62} is called an associated pair of the mvf W G U°{jpg) and denoted 
{61, 62} G ap{W). If K = 0, the formulas in fll.lOl) reduce to the inner-outer and outer-inner 
factorizations of Su and S22 (see [U], [Z|). 

In Theorem [4.121 it will be shown that if G K^{jpq) and {61,62} e ap(H^), then there 
are H^o mvf's K, ci, de, Cr, dr, such that the factorizations 

(1.11) W = Q^ and W = Q^, 

hold over i7+ and Q^, respectively, with 

^61 Kb^^] n _ r 61 " 
62^' K*bi 



;i.l2) 



e 



b2' 



;i.i3) 



'Vi " 






i^2\ 




-Si bi_ 



and 







\^* 




_ 




d* 


C* 



If ly G (jpg) , then Theorem 11.11 is supplemented by the following parametrization of 
the set Ty/[S^^'^] fl S^^l^^ in terms of the parameter e. 

Theorem 1.2. Let the mvf W G W°^(jpg), S = PG{W), let S21 have the Krem-Langer 
factorizations (11.91) . {61,62} G ap{W), and let e G S'^'!^'^ satisfy the assumption 

(1.14) (/, - 32ie)-%„ G 

and admit the Krem-Langer factorizations 

6 = 9^ ^Si = ^ , 

where 9^, 9^ are Blashke-Potapov products of degree k,2 and Si^Sr G S^^'^. Then the mvf 
s = Tiy[e] belongs to S^^_^i^^ if and only if the factorizations 

(1.15) 9iwf^ + eiwf2 = {9ibr - eiSr){bi^i)~\ 

(1.16) W2ier + W229r = (¥^262) ("S^^r + bi9r) 

are coprime over . 

The proof of this result is based on the factorizations ( ll.lip -( fI.13l) and an application 
of the Krem-Langer generalization of Rouche's theorem from [3l]. The cases when the 
assumption (11.141) can be dropped are discussed. 

The paper is organized as follows. In Section [2] the basic notions of left and right co- 
prime factorizations are introduced. Their connection with the Krem-Langer factorizations 
of generalized Schur functions is discussed. The theory of reproducing kernel Pontryagin 
spaces, associated with a generalized Schur function s from [2] is reviewed and extended. In 
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Section O we prove the first main result of tfie paper: Tlieorem 11.1^ wliicli cliaracterizes tfie 
range of the hnear fractional transformation associated with the mvf W G lAf^-^{jpq). In 
Section m we obtain factorization formulas for mvf's W G U^Upq) and use them to charac- 
terize the corresponding reproducing kernel Pontryagin spaces K,{W). A parametrization of 
the set Tw[SP^'^] f^Sl'^l^^ is given in Theorem O for W G U°^ijpq). 

2. Preliminaries 

2.1. The generalized Schur class. Recall that a Hermitian kernel K(^(A) : $7 x 17 (j^mxm 
is said to have k negative squares if for every positive integer n and every choice of ujj G fl 
and Uj G C™ [j = 1, . . . ,n) the matrix 

has at most k negative eigenvalues and for some choice of cji, . . . , c<j„ G and mi, . . . , m„ G C™ 
exactly k negative eigenvalues. In this case we write 

sq_K = K. 

The class 5^^"? := S^^''{Q-^-) is the usual Schur class. Recall that a mvf s G 5^^'^ is called 
inner (resp., *-inner), if is an isometry (resp., a co-isometry) for a.e. /i G ^o, that is 

Ig — s{fi)*s{fi) = (resp., Ip — s{fi)s{fi)* = 0), G Qq (a.e.). 

Let Sf^'' (resp., S^^^) denote the set of all inner (resp., *-inner) mvf's s G S^^'^. An example 
of an inner square mvf is provided by the finite Blaschke-Potapov product, that in the case 
of the unit disc (fi_|_ = D) is given by 

(2.1) &(A) = n&.(A), 6,(A) = /-P, + -^5^P„ 

where aj G D and Pj- is an orthogonal projection in C for j = 1, . . . ,n. The factor bj is 
called simple if Pj has rank one. The representation of 6(A) as a product of simple Blaschke- 
Potapov factors is not unique. However, the number k of such simple factors is the same for 
every representation (12. ip . It is called the degree of the Blaschke-Potapov product 6(A) [37] . 

A theorem of Krem and Langer [32] guarantees that every generalized Schur function 
s G iS^^''(i7+) admits a factorization of the form 

(2.2) s{X)=be{Xy'seiX) for A G [)+, 

where be is a Blaschke-Potapov product of degree k, se is in the Schur class S^^''{Vtj^) and 

(2.3) ker s^(A)* n ker 6^(A)* = {0} for A G VL+. 

The representation fl2.2p is called a left Krem-Langer factorization. The constraint (12.31) can 
be expressed in the equivalent form 

(2.4) rank [ ^^(A) s^(A) ]=p (AG fi+). 

If ctj G © (j = 1, . . . , n) are all the zeros of be in then the noncancellation condition (12. 3p 
ensures that f)^ = f2+ \ {ai, . . . , The left Krem-Langer factorization (12. 2p is essentially 
unique in a sense that be is defined uniquely up to a left unitary factor V G C^^^. 

Similarly, every generalized Schur function s G 5^^^(n_|_) admits a n^'/ii Krem-Langer 
factorization 

(2.5) s(A) = s,(A)6,(A)-^ for A G 1^+ 
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where br is a Blaschke-Potapov product of degree n, Sr G S^^'^{Q^) and 

(2.6) ker s^(A) n ker 6^(A) = {0} for A G n+. 
This condition can be rewritten in the equivalent form 

(2.7) rank [ 6,(A)* s,(A)* ]=q (A G fi+). 

Under assumption (12. 6p the mvf br is uniquely defined up to a right unitary factor V G C^''. 

Lemma 2.1. ^4 mvf si G 5^^'^ and a finite Blaschke-Potapov product bi G meet the 

rank condition ^2.4^ , if and only if there exists a pair of mvf's q G H^'^ and di G H'^^ 
such that 

(2.8) bt{X)c,{\) + st{\)d,{X) = Ip for\en+. 

Proof. This is a matrix version of the Carleson Corona theorem. The proof is adapted from 
Fuhrmann [28] who treated the square block case. We sketch the details for the convenience 
of the reader. 
Let 

a(A) = K(A) ■■■ a^(A)] = [6,(A) s,(A)] 
be the p x m matrix with columns aj(A), i = 1, . . . ,m, m = p + q, and let 

an...ip(A) = det[ai^(A) ■■■ ai^{\)] 

for every choice of positive integers ii, . . . ,ip that meet the constraint 1 < ii < i2 < ■ ■ ■ < 
ip < m. Then, since bf {X) is a finite Blaschke product, there exists a positive number r < 1 
such that 

|det6^(A)| = |det[ai(A) ■■■ ap(A)]| > - 
for r < |A| < 1. Thus, it is readily checked that there exists a 5 > such that 

J2 l«n...v(A)| ^5>0 

ii...ip 

for every point A G Q+. Therefore, by the scalar Corona theorem [23], there exists a set of 
functions /?ii...jp(A) in Hao such that 

an...ip(A)Ai...v(A) = 1. 

il...ip 

Now expand each of the determinants Q;ii...ij, along its i^^ row and express the resulting 
equality as 

aii(A)6ii(A) H \- aim{X)bmi{X) = 1 

and observe that 

afci(A)&ii(A) H h afcm(A)&mi(A) = 

if k i, because this expression may be obtained by replacing the i^^ row in each of the 
determinants aj^ . j^ by its k^^ row. The proof is completed by setting 

&ii(A) ••• 6ip(A) - 

&ml(A) ■ ■ ■ bmp{X) . 

□ 

A dual statement for Lemma fLTl is obtained by applying Lemma fH] to transposed vvf's. 



■q(A) 
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Lemma 2.2. A mvf Sj. G 5^^'? and a finite Blaschke-Potapov product br G Sf^'^ meet the 
rank condition (2/7), if and only if there exists a pair of mvf's Cr G H^'' and dr G 
such that 

(2.9) Cri\)briX) + dr{\)sr{\) = Ig for A G n+. 

The factorization (12.21) is called a left coprime factorization of s if se and hi satisfy (12. 8p . 
Similarly, the factorization (12.51) is called a right coprime factorization of s if Sr and br 
satisfy (K9\\ . 

Every vvf h{\) from H2 (-f^f^) has nontangential limits a.e. on the boundary Qq. These 
nontangential limits identify the vvf h uniquely. In what follows we often identify a vvf 
h G H2 (-f^f"*") "with its boundary values h(n). 

Let P+ and P_ denote the orthogonal projections from L2 onto H2 and H2 , respectively, 
where k is a positive integer that will be understood from the context. The Hilbert spaces 

(2.10) nibr) = HI e brHi n^ibe) := {HD^ e ^K^f)^ 

and the operators 

(2.11) Xr : h e n{br) ^ P-sh and Xr- h e Ti^ih) ^ P+s*h 
based on s G S^^'^ will play an important role. 

Lemma 2.3. (cf. |T7]) If s & S^^^ and its two factorizations are given by ^2.2^ and ^2. 51) . 
then: 

(1) The operator X I maps T-C^,{be) injectively onto l-t{br). 

(2) The operator Xr maps Ti-lbr) injectively onto Tit^ibi). 

(3) x, = x;. 

Proof. If /i G T-l^,{bg), /i+ G H2 and / = brh+, it is readily checked that 

{P+s*h, f)st = {s*h, brh+)st = {h, Srh+)st = W h+ e Hi, 

i.e., Xi maps TL^ibe) into Ti.{br). Therefore, since Ti.^{bi) and 7^(6^) are finite dimensional 
spaces of the same dimension, and 

dimT-C^.{be) = dimkerX^ + dim range Xi, 

it suffices to show that ker Xi = {0}. But, if h E H*{be) and P+s*h = 0, then beh G iff and, 
in view of Lemma 12. 1[ 



C{bih){uj) = {bih, —)st = {bgh, {biC + sd)—) st 
= {bih, Sid — = {P+s*h, d — )st = 

Pu, Puj 

for every choice of u; G and ^ G C. Since biiuj) ^ 0, this implies that h{uj) = 0. 

Statement (ii) can be obtained by similar calculations, and (iii) is easy. □ 

Definition 2.4. Let 

(2.12) Ti-. f eLl^Xi'Pnib.)f en^bi) and Tr : g e ^ X;'Pn4b,)9 e n{br), 
where Xi and Xj. are defined in formula \2.11\) . 

It is readily checked that 

(2.13) P+s*Tif = Pn(K)f and P^sT^g = Pn^(^k,)9, f e Ll, g e L^. 
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Remark 2.5. If /i G Tt^{be) and /2 G Tiipr), then, in view of Lemma [2131 
and 

Lemma 2.6. T/ie operators Ti and Tr satisfy the equalities: 

(1) r,* = r,; 

(2) {{ipTi — Tiilj)f,g)st = for f G 'Hipj.), g G TL^ihi) and ip a scalar inner function. 
Proof. (1) Let f & L\ and g G L^. Then, since Xi maps Ti.^{be) onto 'H{h,) and X| = X^, 

(r^/,^)^* = {Xi^Pn{br)f,Pn,{be)9),t = {Pn{br)f,X-'^Pn,ib,)g)^t = {fJr9)sf 
(2) If / G rL{hr) and ^ G then 

((^F^ - Teip)f,g)st = {ipTef, P_sTrg)st - (P+sT^, V'rr5(),t 

□ 

2.2. Reproducing kernel Pontryagin spaces. In this subsection we review some facts 
and notation from [TUIIIS] on the theory of indefinite inner product spaces for the convenience 
of the reader. A linear space /C equipped with a sesquilinear form (-, on /C x /C is 
called an indefinite inner product space. A subspace of /C is called positive (negative) if 
(/, > (< 0) for all / G JF, / 7^ 0. If the full space K. is positive and complete with 

1 /2 

respect to the norm ||/|| = (/, /)^ then it is a Hilbert space. 

An indefinite inner product space {)C, (■, ■)^) is called a Pontryagin space, if it can be 
decomposed as the orthogonal sum 

(2.14) /C = /C+©/C_ 

of a positive subspace /C+ which is a Hilbert space and a negative subspace /C_ of finite 
dimension. The number ind_/C := dim/C_ is referred to as the negative index of /C. The 
convergence in a Pontryagin space (/C, (■, ■)y^) is meant with respect to the Hilbert space 
norm 

(2.15) \\hf = {h+,h+)^- {h_,h_)^, h = h+ + h_, /i±G/C±. 

It is easily seen that the convergence does not depend on a choice of the decomposition fl2.14p . 

A Pontryagin space (/C, (■, ■)^) of C^-valued functions defined on a subset f2 of C is called a 
reproducing kernel Pontryagin space if there exists a Hermitian kernel K^{X) : QxQ ^ £_mxm 
such that 

(1) for every u & Q and every u G C™ the vvf Ki^{X)u belongs to /C; 

(2) for every h E K,, uj E Vt and u G C™" the following identity holds 

(2.16) {KK^u)^ = u*f{u). 

It is known (see [3H]) that for every Hermitian kernel Kj^(A) : f2 x f2 ^ (j^mxm ^j^^j-^ finite 
number of negative squares on x there is a unique Pontryagin space K, with reproducing 
kernel Ktj(A), and that ind_/C = sq_K = k. In the case /t = this fact is due to Aronszajn [5j. 

Let AT, ICi be Pontryagin spaces and let A : /Ci — >^ /C be a continuous linear operator. The 
adjoint A* : /C — > /Ci is defined by the equality 

{A*h, g)^^ = {h, Ag)^ , for all /i G /C, ^ G /Ci. 
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The operator A is called a contraction if 

(2.17) {Ag,Ag)^<{g,g)^^ for all G /Ci; 

A is called an isometry if equality prevails in (12.171) : it is called a coisometry if A* : /C — /Ci 
is an isometry. 

A subspace /Ci of a Pontryagin space /C is said to be contained contractively in /C, if the 
inclusion mapping z : /Ci ^ /C is a contraction, i.e. 

{9,9) jc < (fi',fi')/Ci for all g G /Ci. 

/Ci is said to be contained isometrically in /C if the inclusion z : /Ci — /C is an isometry. 

A subspace /C2 of a Pontryagin space /C is said to be complementary to the subspace /Ci 
in the sense of de Branges if: 

(1) Every h E K can be decomposed as 

(2.18) h = hi + h2, hi e K,i, h2 e K,2- 

(2) The inequality 

(2.19) {Kh)fc<^hiM)^, + {h2M)K, 

holds for every decomposition h = hi + h2, with hi G /Ci and h2 G /C2- 

(3) There is a unique decomposition (I2.18P such that equahty prevails in (I2.19p . 

If the subspaces JCi and /C2 are complementary in }C in the sense of de Branges, then ind_/C = 
ind_/Ci + ind_/C2 and i/ie overlapping space IK = /Ci fl /C2 of /Ci and IC2 is a Hilbert space 
with respect to the inner product 

(2.20) {h, g)^ = {h, g)^^ + (/i, g)^^ , h,g e^. 
The following theorem is due to L. de Branges |14j . 

Theorem 2.7. Lei /C, /Ci 6e Pontryagin spaces such that ICi is contained contractively in 
/C. Then there is exactly one subspace IC2 of IC that is complementary to ICi in the sense of 
de Branges. Moreover, the following statements are equivalent: 

(1) IC2 is the orthogonal complement of K,i in IC; 

(2) /Ci n /C2 = {0}; 

(3) JCi is contained isometrically in K,. 

These notions come into play when the reproducing kernel Kj^(A) of a Pontryagin space is 
decomposed as a sum of two such kernels 

(2.21) K.(A) = K«(A) + K(2)(A). 

The following theorem is a paraphrase of Theorem 1.5.5 from [2]. 

Theorem 2.8. Theorem 1.5.5].) Let K^(A), kL^^(A), kL^^(A) he C"^"^- valued Hermitian 
kernels on x f2 with finite negative squares such that (12.211) holds. If IC, ICi, IC2 are the 
corresponding reproducing kernel Pontryagin spaces, then 

(2.22) sq_K < sq.K^^^ + sq.K^^). 

Moreover the following assertions are equivalent: 

(1) Equality prevails in (I2.22p .- 

(2) /Ci and IC2 are contained contractively in IC as complementary spaces in the sense of 
de Branges; 
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(3) the overlapping space = /Ci n/C2 is a Hilbert space with respect to the inner product 

A multiplicative version of this statement is formulated below for kernels of the form 

(2.23) K^(A) = i?(A)K«(A)i?M*. 

Theorem 2.9. (see [2| Theorem 1.5.7].) Let -R(A) be a C"^^"'-valued function on Q, let 
K^(A), kL^^(A) be C™"^"* and C"^" valued Hermitian kernels on Q x Q, respectively, with 
finite negative squares and let K,, /Ci be the corresponding reproducing kernel Pontryagin 
spaces. Then 

(2.24) sq_K<sq_KW. 

Equality prevails in (12.241) if and only if the multiplication by R{X) is a coisometry from JCi 
to K,, whose kernel is a Hilbert space. 

Next we consider some examples of reproducing kernel Hilbert spaces associated with a 
mvf s e 5P^«(fi+). 

Example 1. Let 7^(s) be the reproducing kernel Hilbert space associated with the kernel 
A* (A) on S)^ X S)^. The following description of ?i(s) is due to de Branges and Rovnyak, 
A vvf / G iff belongs to 'H(s) if and only if 

(2.25) a{f) := sup{||/ + s^\\l - Ml : ^ G iff} < oo. 
Moreover, if / G 7Y(s), then 

If s G Sf^'{n+), then 

'H{s) = HlesHl and \\j \\h(3) = \\J \\st- 
Example 2. Let 7Y^,(s) be the reproducing kernel Hilbert space associated with the kernel 

(2.26) ^(A) = ^^^^^^^^^^^ onn,*xfi,*. 

The space 7i^{s) admits the following description: A vvf / G iJ|(f2+)-'- belongs to 7i^{s) if 
and only if 

(2.27) PU) ■■= sup{||/ + s*v\\l - Ml : ^ G i/f (fi+)^} < oo. 
If /GK(s),then 

If sGcS,^:^(n+),then 

K(s) = Hl{si+)^ e s*Hl{si+)^. 

In the following example the reproducing kernel space K,{s) is negative. 

Example 3. If 6 is a Blaschke-Potapov product of degree k, then s = b^^ G S^^^ and it 
follows from Theorem 12.91 and the identity 

that the space lC{b^^) corresponding to the kernel ^(A) coincides with b~^H{b) as a set. 
Since the inner product (/, f)ic{by^ is negative in /C(6~^), 

(/, f)Kib-^) = -{bf, bf)nib) = -(/, f)su f e /C(ri), 
fC{b~^) is called the antispace of the Hilbert space b~^H{b). 
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2.3. The spaces /C(s) and /C^,(s). If s G S'^^'^{il+), then the reproducing kernel A5(A) 
of the reproducing kernel Pontryagin space /C(s) can be expressed in terms of the right 
Krein-Langer factorization fl2.5p of s G S^^'^ as 

(2.28) A:(A) = A-(A) + ..(A)A^^^(A)..H* = A-(A) - .(A)A^^(A).M*, 

which leads to fundamental decomposition of the Pontryagin space /C(s). The following 
theorem extends Theorem 4.2.3 of |2]. 

Theorem 2.10. Let s G 5^^'^ have Krein-Langer factorization 1^2. 5\) s = Srb~^. Then: 

(1) The space IC{s) admits the orthogonal decomposition 

(2.29) }C{s) =n{sr)®Sr}C{b;^). 

(2) /// G JC{s), then 

(2.30) / - sTrf G H{Sr), sTrf G SrJC{b;'), 

(2.31) / = (/ - sTJ) + sTJ, 
and 

(2.32) (/,/)^(^) = ll/_,r,/||^(,^)-||r,/||L 

Proof. If / G TC{sr)r\Sr]C{b~^) and / = Srh for some h G )C{b~^), then, since the factorization 
f l2.5p is coprime, it follows from Lemma [2.21 that there exists a pair of mvf's c G H^'^, d G 
H'^^P such that 

(2.33) Cbr + dSr = Iq. 

Hence 

h = {cbr)h + d{srh) = c{brh) + df e iff. 
Since h G lC{b^^) C {H^)-^ this implies that /i = 0, and hence / = 0, i.e., 

(2.34) 7^(s,) n sXib;^) = {0}. 
The space /C(s) can be identified with the set /C of vvf's 



(2.35) /(A) = [ I, -s{X) ] 



with /i G H{sr) and /2 G 7^(6,. 



for every u; G fij" and u E 



L/2(A)_ 

endowed with the indefinite inner product 

(2.36) {fJ)K={fi,fi)nis,.)-{f2,f2)su 
which is correctly defined in view of fl2.34p . In particular, 

(2.37) A> = [ ] [^,,^>.^^ 

and 

(/,A»^ = (A,A»,,(,,)-(/2,A^.(.;)*n)., 

= U*fi{uj) - U*s{uj)f2{uj) = U*f{uj) 

for every / G /C. Since /C is a Pontryagin space with respect to the indefinite inner product 
fl2.36p . it coincides with /C(s). 

Next, the decomposition fl2.35p implies that P-f = PH,{hf)f for every / G /C(s). Therefore, 
by another application of fl2.35p . 

PH.ib,)f = P-f = -P-Sf2 = -XJ2, 
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I.e., 

/a = -X~^P'H,(be)f = -'^rf belongs to n{br) for every / G /C(s) 

and 

f - sTrf = f + sf2 = fi belongs to 7^(sr). 
This proves the second statement. □ 

Corollary 2.11. The space /C(s) consists of vvf's f G //f © T-C^{bg) such that 

(2.38) SUp{||/ - sTrf - SrVW - \Wst ■ ^ ^ ^1} < OO. 

Moreover, if f & then 

(2.39) (/, /)^(.) = sup{||/ - sTj - sM\l - Ml ■■ V e m) - WVrfWl . 

Let /C*(s) designate the reproducing kernel Pontryagin space with kernel 



l:(a) 



I,-s*{\)s*{uj) 



The left Krem-Langer factorization 02.21) yields the representation 

(2.40) L^(A) = L:HA) + 3f(A)L^^(A)sf(^)* on f);^ x [);^, 
which leads to a dual version of Theorem 12.101 

Theorem 2.12. If s E S'^^'^ and its left Krein-Langer factorization ^2.B) is s = hj^se,, then: 

(1) the space lC^{s) admits the fundamental decomposition 

(2.41) /C,(s) = n,{si) © s^lCibJ^)- 

(2) for every f G /C^,(s) its orthogonal decomposition corresponding to i2.41\) takes the 
form 

(2.42) / = (/ - s*V,f) + sT,/, 
where f - s*Tif G H^{se), sT^/ G s}}C{bJ^) and 

(2.43) (/, = 11/ - sT,/||^^(,^) - l|r,/||^,. 

Corollary 2.13. The space /C*(s) consists of vvf's f G (-f^f)''' © '^(^r) snc/i i/iai 

(2.44) sup{l|/ - sT,/ - - llv^ll^, : G (i^f)^} - ||r,/||^, < oo. 

For every f G /C*(s) i/ie inner product {f,f)K.t(s) coincides with the left hand side of (12.441) . 

Another decomposition of the reproducing kernel Pontryagin space /C(s) can be based on 
the representation 

(2.45) A^(A) = bi\xm{XMuj)-* + A^"(A) on 1^+ x [)+. 

In view of Theorems 12. 8^ 12.91 this leads to the following representation of IC{s) 

(2.46) IC{s) =bfn{se) + IC{bf), 

where H^si) is a Hilbert space and IC{bJ^) is the antispace of the Hilbert space bJ^'H{bi). 
The decomposition fl2.46p is not necessarily an orthogonal decomposition in /C(s) (see e.g., 
[21, p. 148] for an example). However, if si G Sf^'^, then 



\nise) = \\J \\st 

and the decomposition (12.461) is orthogonal. 

Theorem 2.14. If s G S^^'^ and its left Krein-Langer factorization ^2. 2\) is bJ^Si and Si G 
Sfn'^, then: 
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(1) the decomposition fl2.46p o//C(s) is orthogonal; 

(2) / G /C(s) if and only if 

(2.47) hf G and b;s*f G (Hl)^. 

Proof. By Lemma I2.H there exists a pair of mvf 's q and di with entries in Hoo such that 
bici + S£(i£ = Ip. Thus, if / G 7i(s£) fl H{be), then 

(/, = (/, biCif)st + if, Sidif)st = 0, 

and, hence, / = 0, i.e., TC{si) fl 7i(6^) = {0}. Therefore, the decomposition (I2.46p is orthog- 
onal, by Theorem 12.71 

If / G /C(s) then it follows from fl2.46p that / admits the decomposition 

(2.48) / = bj^h + bj^x, 
where h G Ti.{si) and x G Tiipi). Therefore 

bls*f = bl{s\h)+s*Mx). 

Since G S^^^"" and b^ G S^;^" one obtains s}h G (//|)^, G 7^*(6^) C (if|)^. Thus 
G (/f|)^. 

Conversely, assume that (12.470 holds. Then 

s*f G 6.(//|)^ = {HD^ © 7^(6,). 
In view of (I2.13P r^(s*/) satisfies the equality 

p+(s7 - sT,(s7)) = 

and hence 

h = b,{f - Te{s*f)) G n{se), x = 6,1,(^7) G H(6,). 
Therefore, / = bj^h + bj^x G /C(s). □ 

Similarly to the Example [T]the right Krem-Langer factorization (12. 5p leads to the following 
decomposition of the reproducing kernel Pontryagin space /C*(s) (see |2^ Theorem 4.2.3]) 

(2.49) IC^s) = b-*n,{sr) + /C.(6;^), 

where T-L^i^Sr) is a Hilbert space and /C*(6~^) is the antispace of a Hilbert space b'^^Ti^ibr) ■ 

Corollary 2.15. Let a mvf s G S]!^^'^ admit the Krem-Langer factorization Ii2.5\) with Sr G 
Then: 

(1) the decomposition (I2.49P of IC^{s) is orthogonal; 

(2) / G /C*(s) z/ and only if 

(2.50) b;feiHl)^, besfeHl 

Combining Theorem 12.141 and Corollary 12.151 one obtains 

Corollary 2.16. Let a mvf s G 5™^™ admit the Krem-Langer factorization ^2. ^j) with 
s.eSZ'''^- Then: 

/C,(s) =s*/C(s). 
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2.4. The de Branges-Rovnyak space The symbol ^1 stands for the Moore- 

Penrose pseudoinverse of the matrix A, 



and 
(2.51) 



dm{fi) 



d/i if VLq = iW 



a.e. on for s G SP""". 



Definition 2.17. Let a mvf s G 5^^'^ admit left and right Krem- Lang er factorizations fl2.2l) 
and f l2.5p . Define as i/ie set of vvf's f(t) = col (/+(t), /~(t)), snc/i t/iat t/ie following 

conditions hold: 

(2)1) 6,/+ e i/f; 
(2)2) 6:/- e Ht; 

(2)3) /(t) belongs to the range of the matrix As(yu) Qo-a.e. and the following integral 

/(/i)*A,(/i)[-V(/^)rfrn(/i) 



no 

converges. 

The inner product in 2)(s) is defined by 



(2.52) 



if, 9) 



9{ 



(/i)MA,(^)[-i] + 



r; 
r ,, 



f{fi)d'm{fi), 



where Tr is the operator from onto 'H{hr) that is defined in f l2.12p . 

Remark 2.18. If k = 0, then = Ip, br = Iq, = and 2)(s) coincides with the Hilbert 
space introduced in 



Remark 2.19. If k > 0, then 2)(s) is an indefinite inner product space, and, since Ti 
'^ePfiibr) maps the k, dimensional space T-[{br) bijectively onto T-C^:{bi) and 



"0 r;" 




'o 


r; 




'r^ 




In{br) 




I 

















.0 Pnib,.)_ 




J-H{br) 







P'H{br)_ 



z/_(r) = K. Therefore, 
(2.53) 



ind_2)(s) < K, 



since the operator Ai is nonnegative. In fact equality prevails in (12.531) . as will be shown 
in Lemma [2.21[ 



Remark 2.20. Definitions El and fl2:T3D imply that if / G 2)(s), then 



(2.54) 

where 
(2.55) 



Im ~\~ A^ 



r, 




/ 



r + 



r 



2 5 



f- e {H^ 
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Now let s E Sf.^^, and let the mvf be defined on VLq by the formula 



1a 



(2.56) 



if ^ G fl+; 
if ^ G t)"#, 



and let 

(2.57) D+ = span {<l>„u : a G f)+, M G C*'}, D~ = span {^^v : ^ G 1)7#, G O}, 

where span stands for the set of finite linear combinations. Then T)"^ C S)(s). 
Indeed, if a G f)^ and u G C^, then the vvf / = $q,u = col {f~^{fi), /"(/i)), where 



(2.58) 



rip) 



-u and / {jj) 



s*(/i) - s{a)* 



pM pM 

have meromorphic continuations to 1)^ and l)^, respectively: 

s*{\)-s{a) 



nX) = '-^^^^^u, and /-(A) 



Pa(A) 



Pa(A) 

It follows from ((22!), (ES]) that 

6,/+Gi/f, bfrem\ 

Since /(/i) belongs to the range of As(/i), it is readily checked that (D3) also holds and 
hence that / = G 2)(s), if a G f)+ and u G C^. 

If /? G and v G C^, then the vvf / = $/3f = col (/+, /~), where 



(2.59) 



.s(f,)-.s*(,<J)- 



P/3(P) ' pM 
Similar observations show that / = ^f^v G T){s) for (3 G and v G C*^. 

Lemma 2.21. Let s G S^^''{k G N), anc? /ei X)"*" anc? D~ be the subspaces of D{s) defined 
by (fOTl ). r/ien.- 

(1) span zs dense m S)(s); 

(2) /or ever?/ choice of 



(2.60) 



,a„ G f)+, Ml, . . . ,u„ G C^, 
the Gram matrix of the system of vvf's {^a^Uj, ^/3^.Vk, 1 ^ j ^ n, 1 ^ k ^ m} 



(2.61) G 
takes the form 



(2.62) 



G 



V, Ui 



u 



-Vk 



Ph[(^j) 

(3) the negative index ofD{s) is equal k, 
(2.63) ind-^{s) = k. 



PaXf^l) 
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Proof. If / G a G {)+ and u G C^", then, in view of Remark [21201 



r, 




Pa 



U 



s{a)*u 



)) 



St 



(2.64) 



= ((/, - sT,.)f\ ^)., + {TJ\ ^^)., 

Pa Pa 

= u*{f+ - srj+)(a) + n*s(a)(r,/+)(a) 
Similarly, if /3 G and v G C«, then, in view of (1231) -( 12361 ). 



(/, $/3t')s)(.) = ( (/m + A 



r/ 




)/, — 

P/3 



(2.65) 



(r-sT,r, — ).t + (r,r, 

P/3 



-g#(/3)*^; 

P/3 



St 



St 



= y*^f- _ s*Term + v*s*mTef-m 

= v*f-iP). 

Thus, if / G S)(s) is orthogonal to span {S)"*", S)"}, then 

/(/i) = a.e. on Qq, 

thanks to (I^TMj) and ([21021) • 

The entries in the matrix (12.611) are now easily calculated from the entries in the matrix 
( 12321) with the help of the evaluations ([TOP and ([235D and formula ([236D . 

Finally, since s G 5^^'^(f2+) the kernel A^(A) has k, negative squares on f)+, and hence 
there is a choice of ttj G f)^, G (1 < j < n), such that the Gram matrix 

has exactly k negative eigenvalues. Thus, ind_2!)(s) > k. On the other hand, ind_!D(s) < k, 
by Remark [2ll9l This proves ([233D . □ 

Lemma 2.22. Lei s G 5P^«(fi+) anti /et / = col (/+, /") G D(s). Then: 

(1) /+ G /C(s) and 

(2.66) (/+,/+)x:(.)<(/,/)d(s); 

(2) /- G /C,(s) and 

(2.67) (r,r)^.(.) <(/,/)!)(.). 

Proof. Since / G 2}(s), there exists a measurable vvf h = col(/ii, /i2) with components hi of 
height p and /i2 of height g such that 



fHp) 
f-ip) 



fip) 

The decomposition 

A.(/i) 

implies that if / G 2)(s), then 



A,(/i)/i(/i) 



/?'i(p) - s{p)h2{p) 

-s(/i)*/li(/i) +/l2(/x) 



(^0 — a.e. 



-s{py 



[Ip, -s{p)] + 





Iq- S{p)*s{p) 



{I~s*sf/^h2 G L 
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and 

(2.68) 

Let 



r, 




Ash, Ash) 



St 



a^{n = \\f+-sv,f++sM\i-\\^rr 



|2 

1st 



for if e H^. Then 
(2.69) 



St 



2) 



and, as / G hr{Hl)-^, ^rf~^ £ 'Hipr) and for'/' ^ &r-f^; 

(/+ - sTrf^, Srip)st = {hi - Sh2, Srip)st " {sTrf^, Sr'~p)st 
(2.70) = {S*hi - /l2, br(p)st + {{Iq - S*s)/l2, Kip) st - (s*^!^/^, fer-V5)st 

= {{Ig-S*s){h2 + Trf+),brV)st. 

Therefore, 



«^(n = iir-sr,r 



1st 



1st 



St 



(2.71) 



and hence, 



+ 2m{{Ig - S*s){h2 + Trf''),br^) 



St 



\\r 



1st 



((/g - s*s)r^/+, r^/+)st - ((^ - s*s)6rV5, 6^<^) 



St 



+ 2m{{ig - s*s)ih2 + r j+), brip)st - 2m{sTrr, /+) 



St) 



(2.72) 



(/, /)s(s) - a^if^) = {{Iq - s*s)h2, h2) + ((/g - s*s)6,.v5, br'{))st 

+ {iI,-S*s)TJ+,Trnst 

-2$K((/,-s*s)(r,/+ + /t2),6.^)st 

+ 29^ { (rj+, /t2 - s*/ti),t + (r,/+, s*{h, - sh2))st} 

= {{Ig - S*s){h2 + Trf^ - br(f), (/t2 + T^/"*' - br^p)) st 

> 0. 



Therefore, by Theorem 12. 101 G /C(s) and (12.661) holds. 
The proof of the second set of assertions is similar. 



□ 



2.5. The space D(s). Let s G >SP^''(^]+) and let the kernel D^(A) be defined on ([)+Uf);#) x 
(f)^ U P)^#) by the formulas 



(2.73) 



(2.74) 



a: (A) 
s(A) - s*{ujy 



d:(a) 



Lf.(A) 



if (A,cu)G[)+xf)+, 
if (A, a;) G f)7# X 

if (A,^) G [)+ X t);#, 
if (A,^) G f):# X [)- . 



It will be shown below that the kernel D^(A) has a finite number of negative squares and 
that the corresponding reproducing kernel Pontryagin space D{s) is unitarily equivalent to 
D(s). 
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Theorem 2.23. Let s G 5^^". Then: 

(1) The kernel D*(A) has a finite number of negative squares on f)+ x f)~^; 

(2) The de Branges-Rovnyak space D{s) is unitarily equivalent to the reproducing kernel 
space S)(s) via the mapping 



(2.75) U : / 



f- 



where is the meromorphic continuation of to P)^, and f\Q- is the meromor- 

phic continuation of f^ to P)^^ such that are nontangential limits of f\Q± from 

Proof. For every choice of a^, jSj, Ui, Vj as in f|2.60p the Gram matrix in fl2.61l) coincides with 
the matrix 



G 



u 



Therefore, the first statement of the theorem is implied by Lemma F2.21[ 

Next, it follows from f|2.73p and fl2.56p that the restriction of U to the subspace is 
given by 

(2.76) f/ : D> 
and maps S)"'" onto 

S+ := {D> : a G f)+, M G C^} . 
Similarly, the formulas f l2.73p and f l2.4ip show that U maps the subspace T)~ onto 

■.= {Dlv: /3Gl);#,t;GC«}. 

Moreover, the restriction of U to + D~ is isometric by the definition of the kernel D^, 
since 

(2.77) (D^^u,, K,Uk)%(^s) = ulD-l^Muj = {^^^Uj, 

for every choice of ooj, Uj such as in fl2.60p . Since the sets + and 2)+ + are dense 
in D{s) and S)(s), respectively, this proves the second statement. □ 

3. The class U^ijpq) and the basic theorem 

3.1. The class Uf^{J) and the space K,{W). If G U^i-J), then assumption (ii) in the 
definition of Uk,{J) guarantees that W{\) is invertible in f2+ except for an isolated set of 
points. Define W in by the formula 

(3.1) W{X) = JW*{X)-^J = JW{X°)-*J if A° G f)^!j. and det iy(A°) ^ 0. 

Recall [22], [2H], [8], that a mvf / of bounded type in f2_ is said to be a pseudocontinuation 
of a mvf / of bounded type in if f{() = f{() a.e. on Qq. Since W is of bounded type 
both in and in the nontangential limits 

W±{n) = Z lim{IV(A) : A G 1^±} 

A— 

exist a.e. on Qq; and assumption (ii) in the definition of ^^(J) implies that the nontangential 
limits W±{fj,) coincide a.e. in Qq, that is W\fi_ is a pseudocontinuation of Vl^|fi+. If W{X) is 
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rational this extension is meromorphic on C. Formula fl3.ip implies that W{X) is holomorphic 
and invert ible in 

(3.2) nw-=i)w^^w#- 

Let W e Wk(J) and let ]C(W) be the reproducing kernel Pontryagin space associated with 
the kernel Kjf (A). The kernel Kjf (A) extended to flw by the equality (13.11) has the same 
number k of negative squares. This fact is due to a generalization of the Ginzburg inequality 
P Theorem 2.5.2]. 

3.2. Admissibility and linear fractional transformations. 

Definition 3.1. [4J A mvf X{X) that is meromorphic in is said to be J) admissible 
if the kernel 

X{X)JX{uj)* 
Pa; (A) 

has K, negative squares on the domain of holomorphy of X in 

Lemma 3.2. Let (p{X) and ip{X) be p x p and p x q meromorphic mvf's in fl+ and assume 
that: 

(i) the mvf X{X) = [^p{X) ip{X)'j is jpg)i^-admissible; 

(ii) kerX(A)* = {0} for all A G f^J^. 
Then: 

(1) v^(A) is invertible for all A G except for at most k, points; 

(2) The mvfe{X) = -^{X)-^^{X) belongs to Sp""^. 

Proof. Let Ui, . . . be n distinct points in f)J such that ip{uj)*Uj = for some nonzero 



vectors Uj E C^, j = 1, 
(3.3) 

and hence that the matrix 

G = 

(3.4) 



,n. Since kerX(A)* = {0} this implies that 



ilj{ujj)*Uj 7^ for i 



, n . 



■ ^ X{uJk)jpqX{uJj)* 

Uj^ — ^ — - — u 



U: 



j,k=l 



pioAuJk) 



-Ui 



j,k=l 



j,k=l 



of linearly independent vectors 



differs in sign from the Gram matrix of a system {vj / Puj^}J^i 
in Therefore, i^-iG) = n < k, since G has at most k, negative eigenvalues, by assumption. 

Suppose next that ui, . . . ,Un and ui, . . . ,Un are chosen so that i^~{G) = n. Then, by per- 
turbing these points slightly, if necessary, one can insure that the matrices (p{uji), . . . , (p{ujn) 
are all invertible, z^-(G') = k and 



G 



ulip{ujk)- 



e{ujk)e{ujj 



Pi^, (^fc) 

The (n+, jpq)K-admissibility of X implies that e G S^^'^. 



ip{ujj)*Uj 



j,k=i 



□ 
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(3.6) 



W{X) 



Remark 3.3. The assumption (ii) in Lemma 13.21 can be relaxed by invoking a version of 
Leech's theorem that is vahd in Pontryagin spaces; see e.g., [3] for the latter. 

Let 

(3.5) Tw[e] := {wniX)e{X) + Wu{X)){w2i{X)e{X) + W22{X))-' 

denote the linear fractional transformation of a mvf e G S^^'^ {k,2 £ ^+) based on the block 
decomposition 

wii(A) wi2(A) 

W2l{X) W22{X) 

of a mvf W G U^i^jpg) with blocks u'ii(A) and W22{X) of sizes p x p and q x q, respectively. 
Let flw be defined by (13. 2p and let 

(3.7) A = {XeQwni)t ■■ det {w2iiX)e{X) + W22iX)) = 0}. 
The transformation Tw[s] is well defined for A G {Qw H f)^) \ A. 

Lemma 3.4. Let W G U^.ijpq), e G S'p^^'^ and let A he defined by (fSHD- Then 

(3.8) A = {A G fiw. n [)+ : det(«;* (A) + e{X)w*^{X)) = 0} 
and: 

(1) Tv^^[£:] admits the supplementary representation 

(3.9) Tw[e] = iw*iX) + EiX)w*2iX))-\w*iX) + £(A)^|(A)) A G (fi^ n t)l 

(2) A consists of at most Ki + k,2 points and Tw[b] G S^^'^ with k' < k,2 + ^i/ 

(3) The following equalities hold: 

\ A, nwf] f);# n = {^w n f3;#) \ A°, 

det(wii(A)£(A)+w;i2(A)) =0} 
det{w*{X)+e{X)w*2{X))=0}. 



\A; 



(3.10) 



A° 



{A G n [)^# 
= {A G i^H- n 

Proof. (1) The identity 

[/, e(A)]iy#(A)j,,iy(A) 



P9 



5(A)- 



(3.11) 



implies that for all A G Qw H f)^ 

iw*iX) + eiX)w*2iX))iw2iiX)eiX) + W22iX)) 

= {w*iX) + e{X)w*iX)){wniX)siX) + wuiX)). 
Thus, if (w2i(A)£:(A) + W22(A))?7 = for some vector rj ^ 0, then 

(3.12) ^ = iwniX)EiX) + w,2iX))r] ^ 
since W{X) is invertible for all A G Qw- It follows from ( 13. lip that 

(3.13) {w*{X)+e{X)w*iXm = 0. 
Therefore, 

AC {Xenwni)t : det(u;* (A) + e(A)n;f2(A)) = 0}. 
A similar argument shows that the opposite inclusion is also valid. Therefore, the two sets 
are equal. The identity (13. 9p is immediate from (13. lip . 
(2) Next, let 

X(A) = [v^(A) ^(A)] = [Ip e{X)] W*iX). 
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Then the formula 

X{X)j,^X{u;r 



[I, e(A)] W*{X)j,,W*{u;y 



[I, -siX)] W^(A)-iC(A)iy( 



UJ 



-eiuj] 



+ AL(A) 



imphes that X{X) is (^2+, jpq)^/ admissible with < /ti + K2, thanks to Theorem l2.8[ Clearly, 
condition (ii) in Lemma 13.21 is also satisfied, and, by Lemma 13.21 

V{X) = w*{X) + s{X)w*{X) 

is invertible for all A G VLw fl except for at most k! points, and the mvf s(A) := Tvi/[£](A) 
given by (13.91) belongs to S^J^'^ with k' < ki + K2. 

(3) If A G A then it follows from fl3.12p and (13.131) that A is a pole of s. This proves the 
inclusion 

f]iynt)+nf)+ c (fiH/n[)+)\A, 

and hence the first of the equalities in (13.101) . since the converse is obvious. The proof of the 
second one is similar. The last equality is implied by (13.111) . □ 

The next theorem characterizes the range of the linear fractional transform in terms 
of admissibility; it extends a result of de Branges and Rovnyak to an indefinite setting. 

Theorem 3.5. Let s G and let W G U^,{jpq) with Ki < k. Then s G Tw[S^^1l,] if 

and only if \lp — s] W is jpg)^^^^- admissible. 

Proof. If s = T]y[e] for some e G iS^!!^! ^ ^ then, in view of (13. 9p . 



[Ip ~s{X)]WiX) 



[w 



ew 



[w* + ew* w* + ew*] jpqWiX) 



(3.14) = {w* + ew*)-' [Ip e(A)] W*{X)3p,W{X) 

= {w*+ew*)-'[lp -e(A)]. 
Therefore, the mvf [ip -s(A)] W{X) is {n+ 

1 jpq ) K - K 1 - admissible . 

Conversely, if the mvf 

[Ip -s{X)]WiX)=[wn{X)-s{X)w2i{X) wu{X) - s{X)w22{X)] 

is jpq)K_Kj- admissible, then, by Lemma there is a mvf e G S^^l^ such that 

w,2{X) - siX)w22iX) = -[wu{X) - s{X)w2,iXMX). 

Thus, s = Tw[e], i.e., s G TwlS^-l^]. 

3.3. Proof of Theorem 11.11 Since the boundary values s{fi) of a mvf s G 5^^'^ exist a.e. 
on Qq, the mvf As(yu) may be defined a.e. on Qq by formula (I2.5ip for such s. 



□ 



Proof. Necessity. Let s = Tw[e] for some mvf e G S^, 



xq 

K2 ' 



Ki + K2) and let 



(3.15) 

and 

(3.16) 



A(A) 



R{X) 



A+(A)=[/, -.(A)] if Ag[)+, 

A4X)=[-s*{X) Iq] if AGf);^ 

w*{X)+e{X)w*{X))-' if xenwni)t\A, 

e*{X)w*{X)+w*{X))-' if xenwni):^\A°. 
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Then, since 

(3.17) A+{X)W{X) = R{X)[lp -e{X)] ioi X e n i)t n ijl 

by (Km . fl3TfD implies that 



A:(A)=[/p -s{X)] 



-s{ujy 



(3.18) 



A4A)^--^y^"^^A.(c^)- + A4A)^^^M^A.(.)* 



Pu{,X) p^{X) 

= A+(A)C(A)A+(^)* + R{X)AUX)R{oor for A e fi^^ n 1^+ n 1^+. 
Similarly, 03.51) implies that 

A_(A)iy(A) =-[s*{X) I,]3,,W{X) 

= -{e*w* + w*)-' [e*w* + ^# e*w* + jp, W^(A) 
-{e*w* + ^|)-i [£# J,] W*{X)j„ W{X) 

R{X)[-e*{X) I,] for Aei]iynf);#n[);#. 



(3.19) 



Therefore, 



(3.20) 



s*{X) 



S[UO] 



pM 



A_(A)C(A)A+(a;)* + R{xf-^^^^^^^R{u) 



-pM 



for A e fiiy n ()^# n and uj eVtw ^ ^t- 
In much the same way, fl3.19p implies that 



l:,(a) 



pM 



-s*(u) 



(3.21) = A_(A) Kj(A)A_(.;)* + i?(A)L^(A)i?(^)* 

for A,LJ G fivK n f);# n f^;^. Thus, it follows from fl^THD . flZ7i|) . flXM - flXTn) that 

(3.22) D^(A) = A(A)C(A)A(a;)* + i?(A)D^(A)i?(^)* 

for all x^ueiiwC] (1^+ u f^;^) n if)t u [);#). 

Applying Theorems 12.81 and 12.91 to the identity (13.221) and using the fact that the number 
sq_D^(A) coincides with the sum of the numbers of negative squares of the kernels on the 
right hand side of fl3.22p one obtains the following decomposition of the space D{s) 



(3.23) 



S)(s) = A(A)/C(iy) + R{X)^{e) 



where the mapping / A/ from }C(W) into D{s) is a contraction. The necessity part of the 
theorem now follows from Definition 12.171 and Theorem 12.231 since the mapping / i— > Agf 
from ]C(W) into 2)(s) is the composition of the mapping A : IC(W) S)(s) and the unitary 
mapping U^^ : S}(s) S}(s) from (12.751) . 

Sufficiency. If conditions (l)-(3) of the theorem hold, then 

(3.24) fe}C{W)^AJe^{s) and (A J, A < (/, /)yc(iy). 
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Moreover, in view of Lemma \2.22\ [/p — s] / G /C(s) and 

(3.25) {[I, -s]f,[lp -s]/)^(,)<(AJ,AJ)j,(,)<(/,/)^(H.). 

Therefore, the operator T : / [jp — s] / maps ]C(W) into /C(s) contractively. To find 
the adjoint operator 

T* : /C(s) -^]C{W), 
let a e [)VF n f)+, M G CP and / G /C(Vr). Then 



[Jp -s(a)]/(«) = (|/,C 



-s(a)* 



!C{W) 



Therefore, 
(3.26) 



w 



-s(a) 



u (a G P)i4/ n u G 



Since T : /C(W^) Ki{s) is a contraction. Theorem 1.3.4 of [2] imphes that 

z/_(/ - TT*) = ind_/C(s) - ind_/C(H^) = /t2, 
and hence that for every choice of aj G \)w H f)^, G and G C (1 < j < n) the form 



(3.27) 5] (a^^«„A^^«, 



K 



-s{aj} 



-s(afc) 



Uk 



K(W) 



has at most ^2 (and for some choice of G Pivyflf}^, Uj G and G C exactly K2) negative 
squares. Since (13.271) can be rewritten in the form 



—s[aj 



j,k=i 



Pa, (ttfc) 



it follows that the mvf [ip — s(A)] W{\) is (fi+, jpg)K2^admissible. Theorem 13.51 serves to 
complete the proof. □ 

4. The resolvent matrix and the class U°{jpg) 

4.1. The class H^^. Let G{X) be a p x g mvf that is meromorphic on f2+ with a Laurent 
expansion 

(4.1) G(A) = (A - Xor'G-k + ■ ■ ■ + (A - Ao)-^G_i + Go + ■ ■ • 

in a neighborhood of a pole Aq G ^2+. The pole multiplicity M^(G', Aq) is defined by (see [32] ) 

^G-fc 

(4.2) M,(G, Ao)=rankL(G,Ao), L(G, Aq) 



_G_i . . . G-k_ 



The pole multiplicity of G over is given by 

(4.3) M^(G,fi+)= 5^ M^(G,A). 
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This definition of pole multiplicity coincides with that based on the Smith-McMillan repre- 
sentation of G (see [TT]). 

Remark 4.1. For a Blaschke-Potapov product h of the form fl2.ip the following statements 
are equivalent: 

(1) the degree of the Blaschke-Potapov product h is equal k; 

(2) M^{h-\n+) = K- 

(3) the kernel A^"'(A) has K negative squares in Vtj^. 



The zero multiplicity of a square mvf F G H^'^ over f2+ is defined in [ol] as the degree 
of the maximal left Blaschke-Potapov factor h of F. Remark 14.11 implies that the zero 
multiplicity of a square mvf F G with nontrivial determinant is connected with the 

pole multiplicity of F~^ via 

M^{F,n+) = M^{F-\n+). 

The class H^^{Q^) consists oi pxq mvf's G of the form G = H + B, where 5 is a rational 
p X g mvf of pole muhiplicity M^{B,n+) < k and H e H^'i{n+) (see [T]). 
The next lemma is useful for calculating pole multiplicities. 

Lemma 4.2. Let Hi G H'^'p , H2 G H^"- , and let mvf's Gi G H^^l^, G2 G have the 

following Laurent expansions 

<^-^> «^W-(A3tF + -+A^ + ^»' + - '^■^^•^) 

at Ao G VL+ and let 

(4.5) rng L(Gi, Aq) C rng L(G2, Aq) V Aq G 1^+. 
Then 

(4.6) M^iHiGu n+) < M^{HiG2, ^^+). 
// 

(4.7) ker L(Gi, Aq) ^ ker L(G2, Aq) V Aq G n+, 
then 

(4.8) M^{GiH2, fi+) < M^{G2H2, 

Proof. Let the mvf's iJj (j = 1, 2) have the following expansions at Aq 

H,iX) = Hi'^ + h['\\ - Ao) + ■ • • + if£^i(A - Ao)'^-^ + ■ • • 

and let 



T(i/,,Ao) 

Then 



i/^^') 



TT(j) TtU) 

• • • -"0 J 



for j = 1, 2. 



L(i/iG„ Ao) = T(i7i, Ao)L(G,-, Ao) and L{GjH2, Ao) = L{G„ \o)T{H2, Ao). 
Therefore, in view of (14.51) . one obtains for every Ao G i7+ 
M^iHiGi, Ao) = rankT(ifi, Ao)L(Gi, Ao) 

< rankT(ifi, Ao)L(G2, Ao) = M^{HiG2, Aq) for Aq G 
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which imphes fl4.6p . Next fl4.7p yields the inequahty 
M^(G'ii/2, Ao) = rankL(Gi, Ao)T(/72, Ao) 

< rankL(G2, Xo)T{H,, Aq) = M^iG^H^, Aq) for Aq G n+, 
which proves fl4.8p . □ 
As a corollary we obtain the following generalization of a noncancellation lemma from |18j . 
Lemma 4.3. Lei G E Rp^^, Hi E Rp^p and H2 E H^'^ . Then 

(4.9) M^iH^G, Q+) = M^{G, Q+) =^ M^iH.GH^, Q+) = M^iGH^, 
whereas 

(4.10) M^{GH2, Q+) = M^{G, fi+) =^ M^iH^GH^, Q+) = M^{H^G, Q^). 
Proof. Since 

ker L{HiG, A) D ker L{G, A) 
for every point A E it follows that 

(4.11) M^{HiG, A) = rank L{HiG, A) < rank L{G, A) = M^(G, A) 

for every point A E Q+. Therefore, the first equality in (14. 9 p implies that equality prevails in 
flCTl) and so too in (SSD and 1^ with Gi = H^G and G2 = G. The second equality in M 
then follows easily from Lemma 14.21 The verification of the second assertion is similar. □ 

It follows from the results of [32], [IE] (see also [HTl Theorem 5.2]) that every mvf G E 
-^K oo(^+) admits factorizations 

(4.12) G(A) = Ge{X)-'HeiX) = Hr{X)Gr{X)-\ 

where Gi E Sf^^, Gr E S'f^'' are Blaschke-Potapov factors of degree M^(G, f2_|_)(< k) and 
Hi, Hr E RP^'i such that 

(4.13) rank [ ^^(A) Hi{X) ]=p for A G 

(4.14) rank [ Gf{X) H*{X) ]=q for A G Q^. 

It is easily shown that Lemma 12.11 can be extended to this more general situation. (The 
details are left to the reader.) 

Lemma 4.4. Let Hi, H,. E Rp^'^ and let Gi E Hp^p , G,- E H^'^ be a pair of mvf's such that 
Gj^ e HP^J^ and G'^ E H^^^ for some k G N U {0}. Then: 

(i) Hi and Gi meet the rank condition ( [^. if and only if there exists a pair of mvf's 
Gi E RP^P and Di E H^p such that 

(4.15) G,(A)C,(A) + Hi{X)Di{X) = 1^ for X E n^; 

(ii) Hr and Gr meet the rank condition ^^A^, if and only if there exists a pair of mvf's 
Gr E RP^P and Dr E H^p such that 

(4.16) Cr{X)Gr{X) + Dr{X)Hr{X) = Ig for X E n+. 

Pairs of mvf's Hi, Gi and Hr, Gr which satisfy the assumptions of Lemma 14.41 and the 
conditions fl4.15p and (I4.16P are called left coprime and right coprime, respectively, over Q^. 
Left and right coprime factorizations may be characterized in terms of the pole multiplicities 
of their factors. 

Proposition 4.5. Let Hi, Hr E H^^ and let Gi E Hp^p and Gr E H^'^ be a pair of mvf's 
such that Gj^ E Hp''^ and G;^ E H^^^ for some k G N U {0}. Then: 
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(i) The pair Gi, He is left coprime over 17+ <^=^ M.^{GJ^Hi,VL^) = M-,r{Gj^ 

(ii) The pair Gr, Hr is right coprime over <^=^ MT^{HrG~^ = Mt^{G~^,Q+). 

Proof. Suppose first that Hi and Ge are left coprime over Tlien it follows from (14.151) 
that 

= Gg ^H^Di + Gi 

and hence, that 

M^{Gj\n+) = M^{Gi'HeDe,n+) < M^{Gi'He,n+). 

The converse inequality is obvious. This proves the implication =^ in (i). 
Next, assume that 



M^{Gi'Hi,n+) = M^{Gf,Q+) 



K 



for some finite nonnegative integer k' and let G^ ^ and G^ ^H^ have the following left coprime 
factorizations 

(4.17) Gi{X)-^ = 6,(A)-V£(A), 

(4.18) G,{\)-'HfiX) = 6,(A)-VKA), 

where 6^, hi G S^^^ are Blaschke-Potapov factors of degree and ip^, G H'^'^. Then Gt 
admits the left coprime factorization 

(4.19) G,(A) = y.,(A)-i6,(A), 
and it follows from the first part of the proof that 

M^((^7\fi+)=M.(G',,fi+) = 0. 

Then as ||v9^(yu)^-'^|| = [[^^(yu)!! a.e. on f2o, the maximum principle implies that ^p^^ G H^^. 
By Lemma 14.21 

M,(M7V^,^+) = M,(M7V£,^+) = M,(^,,fi+) = 0. 

Since 937^ ^ H^^, this implies heh^^ G H^!^^ which shows that hi and hi coincide up to a 
constant right unitary factor. 

Now it follows from (14.181) and (I4.19p that Hi = LpJ^(pi. Since the factorization (I4.18p is 
also left coprime over 

rank [ G,(A) Hi{X) ] = rank [ ipiX\)-^hi{\) ipiX\)-^^i{\) ] 

= rank [ ^^(A) "^^(A) ] = p for A G 

This proves the implication <^= in (i) and completes the proof of (i). Assertion (ii) follows 
from (i) by passing to adjoints. □ 

In the rational case this statement can be found in [H], Theorem 11.1.4]. 

4.2. A class of generalized Schur mvf's. In this section we study the class of mvf's 



(4.20) S 



Sn S12 
S21 S22 



G 5™^"* for which S21 G SI 



qxp 



where the indicated block decomposition of S is conformal with jpg. 

Theorem 4.6. If S ^ ^mxm ^^^fg ^/^g constraint ^ . 20\ ) and the Krem-Langer factorizations 
of S21 are 

(4.21) S21 = hj^si = Srb;\ 

then biS22 E and suK e Sp^'p. 
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Proof. Let 



Then the kernels 



and 



S21 



G = [s2i S22] and H 

= |o /Ja5(a) 



,c„)^/,-G(A)G(. 



Pc.(A) 

A„"(A) = = |/, 01A5(A) 







have at most k, negative squares in i)^ C Q+. On the other hand, since S21 G 5^^^, the 
formulas 

A2(A)=A»(A)-^'-<'>-'-<">' 



and 



a5(a) = a-ka)- 



P<^(A) 
gii(a;)*5ii(A) 

Pa;(A) 



imply that A^(A) and A^(A) have at least k negative squares. Therefore, G G iS^^™, 
H G and hence 

(4.22) M^(G, n+) = M^(s2i, = M^{H, = k. 

Consequently, in view of Lemma [4.21 and the factorization f l4.2ip . 

M^ibeG, n+) = M^{beS2i, n+) = M^{se, = 

and hence 

beG = [b,S2i beS22] G i/™^". 

Similarly, by Lemma 14.21 

Therefore, Snb^ G Rp^p. By the maximum principle, 6^522 G 59x9 and snbr G 5^^^. □ 

Corollary 4.7. If S E S]^'^^ meets the constraint ^-20^ and its Krein- Lang er factorization 
is 



(4.23) 

then 



S — ^Si — Sj-Bj. ^, 



[0 bi]Bf G 5''^"^ and 



Proof. Since rng -L(-B^ ^, A) = rng L{S, A) for all A G Lemma [4.21 implies that 

M,([0 b,]S7^^]+) = M^([0 b,]S,fi+) =M.([5, y.2fe2],^^+) = 0. 

Thus, [0 bi]B-^ G i/^^^"", and hence is in S''^'^ by the maximum principle. 

Similarly, since ker L{B~^, A) = ker L{S, A) for all A G Lemma [4.21 implies that 



M^{B 



-1 



which yields the second assertion. 



□ 



Lemma 4.8. If S E 5™^™ meets the constraint f l4.20p . admits Krem-Langer factoriza- 
tion ( 14:231) and [ ] B'^h G i/| /or some h G //2"' ^^en B'^h G ^^2"- 
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Proof. Assume that Aq G Vl+ is a pole of f = B^^h and that 

f-k 



/(A) 



(A - Ao)'= 



A - An 



in a deleted neighborhood of Aq 



and 



Then 



h{X) = ho + ■ ■ ■ + hk^i{X — Xq)^ ^ + ■ ■ ■ in a neighborhood of Aq. 



7- 



L(i?^\Ao)h where h 



ho 



hk-i. 



Since [0 Iq]f G Hi, it follows that h G ker L( [ 1^] B-\ Aq). Clearly, 

(4.24) kerL([ /, ] Bl\ Aq) ^ kei L{Bi\ Aq). 
The equality fl4.22p and Remark 14. II yield 

and, since 

(4.25) rankL([ S21 S22 ] , Aq) < rankL([ ] Bj^ ,Xo) < rank L{B-\ Xq), 
equality holds in Km and Km . Thus f = L{B-\ Ao)h = 0, and hence B'^h G H^. □ 

Theorem 4.9. If s G S^^^ with Krein-Langer factorizations s = bJ'^Si = Srb^^ , then: 

(1) There exists a set of mvf's G H'^^i , d} G H^^'i , c° G H^^p and d° G H^" such 
that 

(4.26) b^C£ + s^c?^ = Iq and c°br + d°Sr = Ip. 

(2) The mvf's q G H ^'^, di G Rp^'^, Cr G i/^^^' and dr G i/ST' solutions to the 
equations in ^.26\ ) if and only if 

(4.27) Q = + Sr^p and d^ = d^- br-ip for some G H^'^ 
and 

(4.28) Or = c° + (pSi and dr = d°. - (pbi for some (p G H^'^ 

(3) There exists a set of mvf's q G H^i^'^, d^ G Hp^'^, Cr G i/g^'^P and dr G ifg,'''' sitc/i that 



(4.29) 



/p 

/„ 



-5e bi 

Moreover, this set of mvf's satisfies the auxiliary equalities 

(4.30) brCr + deSi = Ip, brdr — debi = 0, 

(4.31) SrCr — CgSg = and Srdr + Cibi = Iq. 

Proof. The first assertion is immediate from Lemmas 12.11 and 12.21 If also beCg + s^d^ = Iq, 
then 

be{ce - c°^) + se{di - d°^) = 0. 
Thus, if ip = —br^{de — d'^), it is readily seen that ce — c'^ = Srip and hence that 

— C°r{di — dl) + rf°(c£ — Cl) = C°br1p + d^Sr'lp = Ip. 

Therefore, ip ^ ^p^^. Similar considerations serve to justify the necessity of fl4.28p . The 
sufficiency is self-evident. 
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Next, in view of fl4.27p and fl4.28p the matrix product on the left of fl4.29l) can be expressed 



as 













Ip -0 








'br -df 




'Ip 








z' 


-5t bi 






Cl _ 




/, 




-St bi 











k 







I, 



where Z = —(f) — c°d'^ + d°cl + ip. Formula fl4.29p is obtained by choosing and to 
make Z = 0. The final set of formulas fl4.30p and (14 .310 follow by reversing the order of 
multiplication on the left hand side of formula (I4.29p . □ 



The formulation (I4.29P was motivated by the discussion of the Bezout identity, (3) in 
Section 4.1 of EE] • 



4.3. Associated pairs. If W belongs to the class U°{jpq) which is defined by (II. 8p . then the 
Potapov-Ginzburg transform 5* = PG{W) meets the constraints imposed in the preceding 
subsection. In this case, the class of associated pairs of W are defined as the inner factors 
in the factorizations in fll.lOp . 

Theorem 4.10. Let W G U°{jpq), and let {61,62} £ ap{W). Then W can be expressed in 
terms of the factors in I^1.10\j as 



(4.32) 

Moreover, 
(4.33) 



W 



Wii 


W12 




\ " 




'Vi* " 




' b* -5*' 

^r ^r 


W21 


W22_ 









. 




-St bi _ 



a.e. in Qq. 



Sj,Sr 



(flfi and Iq — Sisl = ip2V*2 ^o- 



Proof. The asserted identities follow easily from the formulas 

b 



(4.34) 

and the fact that S'^S = 5* 5** 



^61 ^ and [w2i W22] = 62 V2 ^ ^e] 



□ 



Im in l)s n f)5#. 

Theorem 4.11. Let W G U°{jpq), let {61,62} G ap{W), and let Cr, dr, Q and de be as in 
Theorem \4.9\ (3) for s = S21 and let 

(4.35) K = {-wnde + Wi2Ci){-W2idi + ^22^)"^- 
Then K belongs to H^'^ and admits the representation 

(4.36) K = {-wndi + Wi2Ci)ip2b2, 
and the dual representation 

(4.37) K = biipi{crwfi — drwf2). 

Moreover, if and d} is a second set of mvf's such that ^.26\ ) holds and correspondingly 

(4.38) K° = {-w^^d} + Wi2cX){-W2idl + W22ClY\ 
then 

(4.39) ib,^i)-\K - K°){^2b2)-' G H^^^. 

There is a choice of mvf's q and dg, such that the corresponding mvf K admits a pseudo- 
continuation of bounded type in VL_ . 
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Proof. The formula S = PG{W) implies that 

[wn wu] = [sn S12] 

Therefore, since 



Ip 

W21 W22 



by fl4.34p . it is readily seen that 

K = {-Wilde + wi2Ce)ip2b2 



[sii S12] 





" 




-di 


W21 


W22_ 







V52&2 = [sn S12] 



-diip2b2 



and hence that 
(4.40) 

Consequently, 



S 



-diip2b2 




K 






_QV?2&2_ 



[0 QS 



2^2 



h = ciLp2h2h 



belongs to iff for every h G H^. Thus, Lemma [4.81 implies that 

[Ip 0]5/i = Kh 

belongs to iff for every h G H^. Therefore, K G H^'^. 
The identity 



[Cr -dr]W*JpgW 



-de 



\pr dr^ jpq 



-de 

Ce 







implies that 

{Crwfi - drwf2){-Wiidi + WuCe) = {Crwfi - rf^W^) (-^21'^^ + ^22^), 

and hence that K admits the dual representation 

(4.41) K = {Crwfi — drwf2)~^ {Crwfi — drwf2) = biipi{Crwfi — drwf2) 

which coincides with f l4.37p . 

It follows from (USED, (S3HD, (Oil) . (S2ZD and fOHD that 



K-K°= [wii W12] 



ide - d}) 
Ce - 4 



(^262 = biip^ * [bf -sf] 



i)ip2b2 



biip^ *{bfbr - sfSr)lp(p2b2 = V^l'?/'V'2&2 OU fi, 



0- 



This justifies Km . 

Finally, to verify the last statement, first note that, in view of f ll.lOp . formula (14.360 can 
be rewritten as 

K = {-Wilde + Wi2Ce)beS22- 
Therefore, since the mvf's Wu, Wu, be, S22 admit pseudo continuations of bounded type in 
it remains only to show that there is a choice of mvf's q and de of the form (14.271) that 
admit pseudocontinuations to Q^. If and is a a fixed pair of mvf's that satisfy (14.260 
and = ro, then 

with ip^ G H2^'^, and tp- G L^^"^ fl (iff^'^)"'", since br is a finite Blaschke-Potapov product. 
Therefore, 

G L^J« n H^' C H^J^, 
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by the maximum principle and hence the particular choice 

dg = — brip^ = brip- 

admits a pseudocontinuation to by a matrix version of the Douglas- Shapiro- Shields con- 
dition [22], due to Fuhrmann [221 Theorem 1]. □ 

4.4. Factorization of the resolvent matrix. 



Theorem 4.12. Let W G h{°{j.pq), {6i,&2} e ap{W) let K he defined as in Theorem IJH 
and let Cr, dr, Q and dg be as in Theorem \4.9\ (3). Then W admits the factorizations 



(4.42) 

where 

(4.43) 
(4.44) 

(4.45) 

and 
(4.46) 

Moreover, 

(4.47) $ 
(4.48) 



e 



W = inVL+ and W = in VL 

hi 



hi Kb 




2 



$ = 


'-Pll 


V5l2 




V2l 

















Vl2 




}P2l 


V22_ 





in $7+, = 
'^i 

^2-1 

* 



K*bi b7^ 





^2 



in Vt^ 



-Si bi 



Vi 




'bf -5f 



cf 



in 



in Vt_ 



1 _ 


br 


-di 














^2 



Q*jpq'd = '^*Jpq^ = Jpq ^ ^ 



in ri_ 



# 



d# b 







in fl- 



K 



6- 



-di 



<^2 e if, 



mxq 

OO 5 



anc? 5* = PG{W) admits the representations 
(4.49) S 
Proof. The evaluations 



sii Sude'f2b2 + K 

$21 S2ldi(p2b2 + QV^2&2 



^^*_ 

biifiCr + bi(pidrS2l K + bi(pidrS22 



1 






\ c* 1 




K* 


bi = 


-d* 



S2l 



S22 



Wiibr + Wi25r = Subr = ^iV^l, 

W2lbr + W22Sr = (^21 + W^22S2l)br = 0, 

-Wilde + W12Q = Kb^^ip^^, 
-W2ide + W22Q = ^2^ V2 ^ 



lead easily to the formula 
W 



br —dg 









biLfi Kb2^^2^ 
62"V2"' 



i.e., w = e 





" 




br 


-de 





V2\ 









Formula fl4.44p for $ in fl4.42p is easily verified with the help of Theorem 14.91 The second 
factorization formula follows from the first and the observation that 

W = 3„{W*)-^3,,, e = jp,ie*)-'j„ and ^ = 
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Moreover, the first formula in fl4.49p is equivalent to formula fl4.4Up . The second follows 
by much the same sort of manipulations: 

and 

= biipi{Crwfi - drwf2 + drS22) = K + biipidrS22- 

Finally, formulas fl02|) . fOHD and fOTjl imply that 

'K' 
L 



6-1 = W-^Q 



and 



which serves to justify fl4.48l) 



K* 






= $-1 







-di 


A 






. '^^ . 




= $-1 






' c* 1 










-d* 



^2 



□ 



Corollary 4.13. In the setting of Theorem 4-12 , 

'fi 



(4.50) 



WH^ = e 



^2 



Proof. Theorem 14.91 and Theorem 14.121 imply that 

'vi ■ 

-1 



W = e where 







and E^^ e H, 



mxm 
oo 



Therefore, 



□ 



Thus, equality must prevail throughout. 
Corollary 4.14. Let W G U°{jpq) and the Krem-Langer factorizations of S = PG{W) are 

S{X) = B-\X)S,{\) = Sr{X)B;\X), 
then, in the setting of Theorem \4.11 



(4.51) 



~S22 



h2'eHZ''\ B* 



'11 



s^2 - K* 



Proof. The relations in (14.511) are implied by (14.491) . since 



Bf 



Bt 



K-S12 
-S22 



h2' 



-Bf 



S21 



"^11 
8*2 - K* 



hi = B* 



s* 

'21 

# 
'22 



dnp2 - Bi 
dfif* + Bf 





Ci^2 

cf^t 



rz TT-rnxq 



□ 



Corollary 4.15. If in the setting of Theorem \lT^ e HP^P{n^), ^12 G i/^f '?((]_), 
^21 e H:i^P{Q^), ^22 e H^i^^Q^), then: 

(1) the mvf [wii Wu] admits a right coprime factorization over fi„ 

(4.52) [wu W12] = hi [^11 ^12] ; 

(2) the mvf \w2i W22] admits a left coprime factorization over fi+ 

(4.53) [w2i W22] = &2 ^ ^21 ^22] ■ 
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4.5. Characterization of ]C{W) spaces. The next theorem characterizes ]C{W) spaces in 
terms of the Krein-Langer factorizations of S = PG{W). 

Theorem 4.16. Let W G U^ijpq), let the Krem- Lang er factorizations of S = PG{W) be 

S{X) = Be{X)-'Se{X) = Sr{X)Br{Xr' 

and let hi, /i2 be a pair of measurable vvf's on Qq of height p and q, respectively. Then 
h = col(/ii, /i2) G IC(W) if and only if: 



Bp 







-Sl2 
'S22 



heH^ and B; 



'11 
'12 







h e {H. 



Moreover, in this case 
(4.54) 



{h,h) 



K.(W) 



1st 



-23fJ(/,r,(57) 



St 



where f G K,{Br), S* f and Ti{S*f) are defined by the formulas (cf. fl2.12p ) 



(4.55) 







-S12 
-S22 



h, S*f 



'11 

'12 







T^{S*f) := Xi'P4S*f) and Xr- 9 E H,{B,) ^ P+S*g G 7^(5,). 
Proof. The formula for the inverse Potapov-Ginzburg transform 



W{X) 



Ip -si2(A) 

-S22(A) 



n -1 



sii{X) 

S2l(A) -Iq 



leads to the following representation of the kernel {X) 



^r(A) 



-Sl2{X) 



n -1 



S{X)S{uo) 



-S22(A) 

This identity implies that the mapping 

h^f 



Pa; (A) 



Ip -Sl2(A) 



Ip -Si2{uj) 
-S22(t^) 



h 



-S22{X) 

is an isometry from 1C{W) onto fC{S) (cf. [7]). 

Since S'^ is a square inner mvf, Corollary 12.161 guarantees that the inclusion / G /C(S') is 
equivalent to the inclusion S* f G 1C^{S). Now the first statement of the theorem is implied 
by Theorem 12.141 

To verify formula fl4.54p . consider the orthogonal decomposition of the vector / G K,{S) 
corresponding to the fundamental decomposition of /C(S') (see (12.461) ) 

(4.56) / = Bi^y + X, y G H{S,), x G K(5,), 
where x G T-C^{Be) is the unique solution of the equation 

(4.57) P^S;x = P+S*f (= PniB.)S*f). 
In the notation of Definition 12.41 



(4.58) X 
Now fl4.56p yields the formula 

a/W) = ll/-^"' 

which is equivalent to fl4.54p . 



Te{S*f) = Xi'P+S*f. 



St 



\X\ 



St 



□ 



34 



VLADIMIR DERKACH AND HARRY DYM 



Remark 4.17. If k = 0, then Bf 



Br 



and the statement of Theorem 14.161 



reduces to the characterization of TiiW) spaces given in Theorem 2.4 of [21] and the next 
theorem reduces to Theorem 2.7 of (see also [9J for another proof of the latter). 

Theorem 4.18. Let W G U°{jpg), S = [sij]fj^i be the Potapov-Ginzburg transform ofW, let 
{bi, 62} be an associated pair ofW, and let the mvf K G H'^^'^ be defined as in Theorem \4.11 
Then h = col {hi, h2) G 1C{W) if and only if: 

(1) Ws22h2 G Hi- 

(2) Ks\,hi G m^- 

(3) [I, -K] h G Hi 

(4) [-K* l,]he{Hl)K 

Proof. Necessity. Let h = col(/ii,/i2) G }C{W). Then by Theorem 14.161 



(4.59) 



B, 







-S22 



heH 



2 ' 



B* 



'11 

'12 



h G {H^, 



and hence, by Corollary 14.71 and the formulas in fll.lOp . 



(4.60) 

and 

(4.61) 



[Ob,] 



[K 0] 



Ip -Sl2 

-S22 



'11 

,* 
'12 



h = -biS22h2 = -(p2b2h2 G Hi, 



h = b^slihi = iflblhi G {Hi 



The first condition in fl4.59p can be rewritten as 



where due to fl4.49p 

(4.62) 

Thus, as 

it is readily seen that 
Therefore, 



Bf 



Bf 



hi - Kh2 




K-S12 
-S22 



h2 G H!^ 



2 ? 



K-S12 

-S22 



ho = B. 



Bp 



Sll 

S21 



r: TTmXq 

^ 00 



—Slide , , 

, (P202h2. 

'S2iae - ce\ ^ 
and (p2b2h2 G H^, 



Bf 



K-S12 
-S22 



h2 G m 



Bf 



hi - Kh2 


which in view of Lemma [4.81 implies (3). 
Similarly, since 



G H 



2 ) 



B* 



'11 

,* 

'12 





-In 



h = B* 



S21^r ~^ 
■='22"r 



ifilbihi + b; 



' " 




'hi' 


K* -I, 







e{H 



™) 



and iplblhi G {H^)^, it follows readily that 



b; 



' " 




'hi' 


K* -I, 







e{H^2 
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which justifies (4) with the help of a self-evident version of Lemma 
Sufficiency. Let h = col(/ii, /i2) satisfy assumptions (l)-(4). Then 



hi - S12/12 



+ B, 



K-S12 

thanks to assumptions (1) and (3) and formula (14.621) . whereas 



hi - Kh2 




ho e Hr 



2 5 



b: 



s^hi — h2 



B* 





K*hi - /i2 



+ b: 



'11 



'12 



K* 



hi G (m 



by much the same sort of arguments. Thus, Theorem 14.161 guarantees that h G }C{W). □ 



4.6. Description of }C{W) fl L™. In this subsection we supply a description of the space 
}C{W) n analogous to the description of the space Ti.(W) fl L™ that is presented in 
Section 5.14 of [8]. The main formulas f l4.63l) -( l4.68l) look the same as their counterparts in 
the Hilbert space setting and the proofs of all but one of them are also the same; only the 
verification (14.661) requires a different argument. 

Theorem 4.19. Let W G U°ijpq), {&i,&2} e ap{W), let K he defined by (g]||) and let 



and V12: fen4b2)^Pnib^)Kf. 



Then: 
(4.63) 

(4.64) 

(4.65) 
and 



}CiW)nH. 



}C{W) n iH'2 



m 
2 



Ui 
Tl^Ui 

^22U2 
U2 



: ui G nibi 



: U2 G H^{b2 



(4.66) {h,h),c{w) 
Moreover, if 
h-- 



}C{W) n = (/c(iy) n h^)+{ic{w) n (h^)^) 

for every h G K.{W) fl 



-K* 



-K 



I 

11 



r22 



with 



u 



h, h 



Ui 

U2 



St 



Ui G 'H{bi) and U2 G 'H*{b2 



then 
(4.67) 

where 

(4.68) 



{h,h) 



KiW) 



{Pu,u) 



I-TliTii 
1 



12 



-ri2 
^ ~ r22r22 



Proof Let h = col(/ii,/i2) G JC{W) f] L^. Then, in view of (1) and (2) of Theorem EH] 
and the identities b^S22 = V'2&2 and snbr = 6iV?i, it is readily checked that 62^2 ^ and 
blhi G (H^)^. Thus, if hi = ht + h^ with h+ e hi e (H^)^, and h2 
h2 G and /i2 ^ (-^2)^5 then the condition 



/i2 + /i2 with 



blht G (i/f) 



/i+ G 7^(6 



ij) 
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whereas the condition 

62/12 e Hi =^ 62/^2 e Hi e n.ipi). 

Next, (3) and (4) of Theorem 14.181 imply that 

- K/i2 e Hi and - K*ht + /i^ G 

Therefore, 

= P^Kh^ = T22h2 and = P+K*h^ = Tl^h+ . 
Since h G and S*S = Im a.e. on fio, 



-S22 



St 



^p —S12 
'■^12 Iq 



h, h 



St 



and formula fl4.54p can be expressed as 



{h, h)x:(w) 



-S12 



'■^12 Iq 



h,h) - 25R 

St 



Ip -S12 
-S22 



h, X 



St 



where x G H^:{Bi) is the unique solution of fl4.57p . Therefore, since K = su + Sii(if9?2&2 

by gai. 



(/i, h)tc(w) 



Ip -K 
-K* L 



h,h) + 2^Y, 

St 



where 



Y 



-Snde(p2b2 




h, h 



St 



Ip —Si2 
-S22 



h, X 



St 



= - {sudiip2b2h2, hi) St - {hi - Kh2, hi)st 

+ {Slldnp2b2h2, Xi)st + {S22h2, X2)st 

= {siideip2b2h2, hi - xi)st + (522/^2, 3^2)^*, 

because hi — Kh2 G i^f. Thus, as V52&2 = ^^^22 by f ll.lOp . the last expression for Y can be 
rewritten as 

Y = {beS22h2,dls*ii{xi - hi) + biX2)st- 
Moreover, as fl4.57p implies that 

s*ii{xi - hi) + 3*2^X2 G (Hl)^ 

and biS22h2 G H^, 

Y = {biS22h2, (bi - dls*2^)x2)st = {{bl - S2ld(.)biS22h2,X2)st = 0, 

since 

b*i - S2idi = bl~ blSidi = b|(/p - Sedg) = a 

by ffTUD and (K^ . and CibiS22h2 G H^. This completes the proof of fOUl) . 
Finally, formula (14.670 follows from the evaluations 



(4.69) 



(4.70) 



Ui 




Ui 




' Ip 


-K 




Ui 




Ui 


Tl,ui_ 




Tl,ui_ 


^ K.{W) ^ 


-K* 






T\,ui_ 


1 


T\,ui_ 



{{Ip - r*irii)ui,Mi) 



St ' 



r22M2 




r22M2 




' Ip -K 




T22U2 




T22U2 


U2 


5 


U2 


^ k:{w) ^ 


-K* I, 




U2 


1 


U2 



JCiW) 



JC{W) 



{{Ip - ^22^2)'^2,U2} 



St 
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and 



(4.71) 



T22U2 




Ml 






-K 




^22U2 




Ml 


U2 


5 




^ K{W) ^ 


-K* 






U2 


7 


r^iMi_ 



K.(W) 



{-Ku2,Ui)^^ = (-ri2M2,Mi) 



St ■ 



□ 



Corollary 4.20. In the setting of Theorem \4.19[ let 

n{h,b2)= © 

and let the operator F be given by 
(4.72) F : ue l-L{biM) ^ Fu -- 



11 



/ 



u e IC{W). 



Then }C{W) fl L™ = F7Y(6i, 62) o^^^^ the following equivalences hold: 

(1) C{W) := IC{W) n IS dense m }C{W) if and only i/ker P = {0}; 

(2) ]C{W) C if and only if P is a bounded invertible operator with a bounded inverse. 

Moreover, If P is a bounded invertible operator with a bounded inverse, then W G L™^™. 
Proof. Since the operator F in f l4.72p is injective, (1) follows immediately from the equality 

(4.73) {Fu, Fv),c{w) = {Pu, v)st for u,v e Hib^, 62). 
Suppose next that ^ o"(P). Then it follows from (14.731) that 

z/_(P) = ind_(/C(iy) nL^), 

and hence that 7i(6i, 62) is a Pontryagin space with respect to the inner product (I4.73P and 
that F is an isometry from this Pontryagin space to a subspace C{W) of K,(W). Therefore, 
C{W) is closed in 1C{W). Thus, 

C{W) = 1C{W), 

since C{W) is also dense in 1C{W) by (1). 

Conversely, if C{W) = ]C(W), then it follows from (14.731) that 7^(6i, 62) equipped with the 
inner product (I4.73P is isometrically isomorphic to ]C{W) and, hence, is a Pontryagin space. 
This implies that ^ cr(P). 

Finally, the last assertion is immediate from (2) and formula (11.11) . □ 

We remark that if G ^/^(jpg) with k = 0, then the class of mvf's considered in (1) and 
(2) of the last corollary correspond to the class of right regular and strongly right regular 
jpg- inner mvf's in [S]. 

4.7. Parametrization of the set Tw[S^^'^] fl S^^^,^^. In this subsection we characterize 
the parameters e G S^^"^ for which Twle] G Ski+k2 when W G U°^{jpq). The proof is based 
on Theorem II . 1 1 augmented by the factorization result of Theorem 14. 121 and a special case of 
Krem-Langer generalization of Rouche's Theorem, which is formulated below. 

Theorem 4.21. [34j Let ip,i' e H^", det(v? + ^) ^ m n+, Mq{lp, ^]+) < 00 and 

(4.74) M^)~^i,{^)\\<l a.e. onfio. 
Then Mt^{ip + tp, 1]+) < M(;{ip, Qj^) with equality if 

(4.75) (y, + ^)-V|^^eZr. 
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Theorem 14.211 is used to estimate the zero multiphcity of the denominator in the hnear- 
fractional transformation associated with the mvf W G W^^{jpq)- 

Lemma 4.22. Let W ^ U° {jpq), S = PG{W), let S21 have the Krem-Langer factoriza- 
tions (ll.9p . and assume that e G S]^^'^ satisfies the assumption 



qxq 



(4.76) {W2ie + W22) ^22^0 ^ ^1 

and let 

(4.77) e = dfe, = SrO;' 
denote its Krein-Langer factorizations. Then 

(4.78) Mt;{bi6r - SiSr, ^+) = Mt^iOibr - EiSr, = Ki + K2. 

Moreover, ifW e Z^""", then gj§ holds for every e G 5^^^*. 

Proof. Since S21 G 5'^^^'^ one obtains M^(b£,i7+) = ki. Moreover, as and 9^ are both finite 
Blaschke-Potapov products, 



Ki + K2. 



M^(bA,^^+) = M^(b,,l]+) + M< 
Therefore, since Or is unitary a.e. on Qq, the identity 
(4.79) OribiOr — 5ier)~^bi = {w2ie + W22)~^W22 a.e. on Qq 

imphes that 

\\{bi9r - Sier)~^bi9r\\ = \\0r{be9r -Seer)'^bi\\ = \\{w2ie + W22)~^W22\\, a.e. on ^o, 
and hence that {bi9r — Seer)~^be9r\no G Lf^''. Therefore, by Theorem 14.211 

M(^{bi9r — SiSr, ^+) = M(^{bi9r, fi+) = Ki + K2. 

The proof of the second equahty in (14.781) is similar. 

To verify the final assertion, first note that if e G S^^'^, then 

{W2ie + W22y^W22 = {Iq - 8218)'^ 

and 



ll(/. 



1^21^11 > \iX - P^lWf ) 



for every m G C with = 1. Thus, the bound 



S2\S\^U = ^U*S22Sl2U 



[Iq-S2ie) ^1 



\\iI,-6*.S;,)''\\<2\\w;,W22\ 



' mxm 
'2 



□ 



implies that [Ig — S2ie) ^ G Lf^'^ when W E L 
Proof of Theorem 11.21 Necessity. Let n = ki + K2, let s = Twle] belongs to S'j^^'^ and let 

(4.80) [Ge -H,] = [9e Se] 

and 
(4.81) 



br -de 




Hr 




Cr dr 




€r 


Sr C£ 


5 


Gr 




-Si bi 




9r 



Then 



G = {(fuSr + '^129r){^2lSr + ^229r 
G = ipiHrG~^ip2, 
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M^{s,n+) = K and it follows from flO^ - fl03D that 

(4.82) s = Tw[e]=Te[G] = biGb2 + K. 
Therefore, since K is holomorphic on 

(4.83) M^{b^Gb2, n+) = M^is, n+) = K, 
and hence, by Lemma F4.22[ 

(4.84) n = M^{biGb2, fi+) < M^(G;V2&2, ^+) < M^{G;\ n+) = k. 
Thus, 

M^(G,-V2&2,^^+) = M^(G;^^]+) = /€, 

and in view of Proposition 14.51 the factorization {(p2b2)~^Gr is coprime over Q^. 
Similarly, since GeHr = HeGr, the mvf G can be written as 

(4.85) G = ip,Gi'He^2 
and consequently 04.831) and Lemma 14.221 imply that 

M^{bmGj\n+) = M^{Gi\Q+) = 

Therefore, Proposition 14.51 implies that the factorization G^{bi(pi)~^ is coprime over Vt^. 
Sufficiency. Since the assumptions of Lemma 14.221 are satisfied, 

(4.86) M^{G-,\ fi+) = m^{g;.\ n+) = Ki + K2. 

±1 



G H^^"^, the factorization H^G^ ^ is right coprime 



Moreover, since E"^^ — , 

_ 'Si b _ 

over and hence, in view of Proposition 14.51 

M^{HrG;\n+) = M^{G;\n+) = k. 

It follows from the equality G = ipiHrG^^ip2 that 

M^(G, n+) = M^{HrG;\n+) = M^{G;\n+) = m^(g;V2,^^+). 

Thus, by Lemma 1^751 

M^{Gb2,n+) = m^(g;V2&2,^^+). 

Since the factorization in fll.l6p is coprime one obtains from Proposition 14.51 and 04.861) 

M^{Gb2,n+) = m^{g;\q+) = K. 

Similarly, Proposition 14.51 implies that 

M^{G-,^Hi,n+) = M^{Gj\n+) = K. 

since the factorization Gj^H^ is coprime over Vt^. Now the equality G = (^iGj'^ HeLp2, 
Lemma 14.31 and the assumption that the factorization in 01.151) is coprime yield 

M^ib^G, fi+) = M^{b^^^Gj\Q+) = M^{Gi\Q+) = k. 

Therefore, 

M^ib,G, n^) = M^{G, n+) = K, 

which, with the help of Lemma 14.31 implies that 

M^{b^Gb2,n+) = M^{Gb2,n+) = K. 

In view of (KE^ s e Sp""^. □ 



Remark 4.23. If, in the setting of Theorem 11.21 it is also assumed that W G L™^"*, then: 
(1) Condition 01.14p is met by every mvf e G (with ^2 > 0). 
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(2) The entries (p2i and (p22 in the bottom block row of $ belong to H^p{Q^) and 
H^'^{Q^), respectively, whereas the entries and 1^12 in the top block row of $ 
belong to H^p{Q^) and H^'^{Q^), respectively. ($ and $ are defined in Theorem 

(3) The factorizations (11.151) and f ll.l6p can be rexpressed as 

9ewf^ + eewf^ = {9e^f-^ + eii^2)K^^ and W2ier + W220r = h2^{ip2ier + V22dr)- 

Thus, Tw[s\ € S^^l^^ if and only if these two factorizations are coprime over 

(4) If also K2 = 0, then s = Ty[r[e] belongs to SJ^^'^ if and only if the two factorizations 

wfi + ewf2 = {iffi + e^2)K'^^ (^^d W2ie + W22 = b2^{{p2ie + (P22) 
are coprime over 
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